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In this paper, we study the behavior of the transmission zeros in the closed Aharonov-Bohm(AB) 
interferometer with an embedded scattering center in one arm and the corresponding change in the 
transmission phase when the time-reversal symmetry is broken by magnetic fields. Specifically, we 
consider three embedded scattering centers: one discrete energy level, a double-barrier well, and a t- 
stub. We find the foUowings from our model study: (i) The transmission zeros are real when the AB 
flux is an integer or a half-integer multiple of the flux quantum, and the transmission phase jumps 
by TT at the zeros, (ii) The transmission zeros become complex or are shifted off the real-energy axis 
when the magnetic AB flux is not an integer or a half-integer multiple of the flux quantum, and the 
transmission phase evolves continuously, (iii) The distance of the zeros from the real-energy axis or 
the imaginary part of the transmission zeros is sinusoidal as a function of the magnetic AB phase. 
We suggest the experimental setup which can test our results. 



PACS numbers: 73.23.-b, 73.50.Bk, 73.63.Nm 
I. INTRODUCTION 

Recent advances in nanotechnology have made i^itW^sir 
ble to measure the phase of electron wave functionEJffl'Qtl. 
In bulk systems, phase coherence of electron wave func- 
tions can be washed out by inelastic scattering processes. 
On the other hand, the phase of electron wave function 
can be preserved in nanoscopic systems. Typical experi- 
mental tools, which can measure the electron's phase, are 
the Aharonov-Bohm (AB) interferometers. To study the 
phase evolution due to the target system, the system is 
inserted in one of two arms of the AB interferometer. The 
I-V curves are measured between the external electrodes 
connected to the AB ring as function of the AB magnetic 
flux while other control parameters, e.g., the Fermi en- 
ergy level, are varied. The phase evolution of the electron 
wave functions in the target system is extracted from the 
measured I-V curves. 

The closed AB interferometer in a two-terminal con- 
figuration does not yield much information about the 
phase shifj_in the target system due to the phase lock- 
ing effectBLl. Multiple windings of the electron motion 
along -the AB ring result in the conductance which is 
eveifiti in the^B flux $ or G(-$) = G($). This On- 
sager relationtl constrains the measured phase to be ei- 
ther or vr. This phase-locking effect can explain j-the 
observed phase jump by tt at the conductance peaksld of 
the closed AB interferometer with an embedded quan- 
tum dot. The, same phase of the transmission amplitude 
was observedtJ at successive Coulomb peaks. This means 



that an additional phase shift by tt should occur in be- 
tween two successive Coulomb peaks. The existeitce-iof 
the transmission zeros can also explain this featureO'E2l. 

In order to observe the phase evolution in the target 
system, an Qpen AB interferometer was devised by Schus- 
ter, et. alfl, which is similar to the double-slit experi- 
ments. Suppression of the back-scattered electrons pre- 
vents the multiple windings along the AB ring so that the 
total transmission amplitude becomes sum of two trans- 
mission amplitudes through the upper and lower arms, 

t = ti+t^e''^. (1) 

Here cj) is the AB phase due to the magnetic flux. Mea- 
suring the conductance which is proportional to \t\'^ as 
function of the AB phase, the transmission phase of the 
target system can be directly obtained. 

In a phase-coherent system, the two different phases 
can be defined. The Friedel phase 6^/ is defined as the 
argument of the determinant of the scattering ^-matrix, 
g2ifl/ _ jj^g^^^ ^j^g change in the Friedel phase is pa- 
lated to the density of states via the Friedel sum rulellil, 
p{E) = Tr~^d9f/dE. The measured phase in the open 
AB interferometers is in fact the transmission phase, the 
argument of ibe transmission amplitudes {t = |i|e**'). 
Recent worksB'EJ made clear distinctions between the two 
phases. In the absence of the transmission zeros, the two 
phases are identical. The transmission phase jumps by tt 
at the real transpusaion zeros and the two phases differ 
by this amountLlll3E3. In a time-reversal symmetric sys- 
tem, all the possible transmission zeros are proven to be 
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For more details about the transmission phase i: 
the time-reversal symmetric case, see the works of Led 
and of Taniguchi and BiittikeJla. 

In this paper, we address the following question: What 
will happen to the transmission zeros and the transmis- 
sion phase when the time-reversal symmetry is broken 
by the external fields, e.g., the magnetic fields? Specifi- 
cally we answer this question by studying the closed AB 
ring (see Fig. [^) with an embedded scattering center in 
the presence of the magnetic AB flux. Since the AB ring 
provides the transmission zeros due to the destructive in- 
terference between two arms and the time-reversal sym- 
metry can be broken by applying the magnetic fields, the 
AB interferometer is an ideal system for our purpose. In 
connection to our work, we note that the effects of bro- 
ken unitarity in the AB ring, on the phase-locking were 
investigated by other groupo. 

In general, either one transmission pole or one trans- 
mission zero gives rise to the phase change by n as the 
Fermi energy is scanned through the real part of pole 
or zero. The poles always lie in the lower half-plane of 
the complex-energy plane due to the causality relation. 
On the other hand, the zeros can be anywhere in the 
complex-energy plane as we will discuss below when the 
time-reversal symmetry is broken. Poles give the same 
contribution to the Friedel phase Of and the transmis- 
sion phase Ot- The energy scale over which the phase 
evolution occurs is determined by the imaginary part of 
the transmission poles. On the other hand, transmission 
zeros give an additional contribution 9^ only to the trans- 
mission phase. The transmission phase can be written as 
the sum of two: 9t = 9f + 9z- Depending on the posi- 
tion of zeros in the complex-energy plane, the behavior 
of the phase evolution becomes quite different. When 
the transmission zeros lie on the real-energy axis, abrupt 
phase jump by tt is observed. Varying the AB magnetic 
flux, the transmission zeros can be shifted off the real- 
energy axis. In this case, the transmission phase evolu- 
tion is continuous and occurs over the energy scale - the 
imaginary part of transmission zeros - as the Fermi en- 
ergy is scanned. That is, the transmission phase becomes 
a discontinuous function of control parameters when the 
transmission zeros hit the real-energy axis. 

To summarize the results of our study, the transmis- 
sion zeros of i(the transmission amplitude of the closed 
AB ring), based on their position in the complex-energy 
plane, can be grouped into three different classes. 



• Class I: Transmission zeros lie on the real-energy 
axis. The trajectory of the transmission amplitude 
t passes through the origin and the transmission 
phase 9t jumps by tt at the transmission zero. 

• Class II: Poles and zeros lie in the same lower half- 
plane of the 2d complex-energy plane. The trajec- 
tory does not encircle the origin, and the evolu- 
tion of 9t is continuous and its range is confined by 
two extreme points of the trajectory when viewed 
from the origin. Each pole and zero give rise to 



the phase change by tt, but the sign is opposite. 
The combined effect of one pole and one zero is a 
smooth evolution of 9t and the difference A9t be- 
fore and after passing through one zero and one 
pole approaches or A9t — 0. 

• Class III: Poles(zeros) lie in the lower(upper) half- 
plane, respectively. The trajectory encircles the ori- 
gin. One pole and one zero give the same sign of 
the phase evolution and A9t = 2-k. 

Trajectories of the transmission amplitude t and its phase 
are schematically shown in Fig. || to help the readers to 
understand three different classes of transmission zeros, 
Zz- Depending on the nature of the scattering centers 
which are inserted into one arm of the AB interferom- 
eter, all three classes or some of them can be realized 
by varying magnetic AB flux. We find from our study 
that the transmission zeros are real when the AB flux is 
an integer or a half-integer multiple of the flux quantum, 
and the transmission phase jumps by tt at the zeros. The 
transmission zeros become complex or shifted off the real- 
energy axis when the magnetic AB flux is not an integer 
or a half-integer multiple of the flux quantum, and the 
transmission phase evolves continuously. The distance of 
the zeros from the real-energy axis or the imaginary part 
of the transmission zeros are sinusoidal as function of the 
magnetic AB phase. 

A general formulation on the S'-matrix for the AB ring 
is presented in the Appendix ^ when scattering centers 
are present along the arms of the AB ring. These scat- 
tering centers and the accrued phase by the motion along 
the AB ring can be parameterized by the matrices TVs 
and T's as described in the Appendix In this pa- 
per, we are interested in the AB ring (see Fig. ^ when 
the target system is inserted in the lower arm. When 
the target system is described by the scattering matrix 

Si} — ( *' ) ) the matrices TZ's and T's are given by the 
generic forms, 



n' 



Zp 





ro 



r' 



T' 



Zp 







t^e-'^/^ ; ' 



Here (f) = 27r$ -e/ he is the AB phase due to the magnetic 
flux <& passing through the AB ring. Half of the AB phase 
is attached to each of the lower and the upper arms of 
the AB ring. The trajectory of t depends on the chosen 
gauge or the way how the AB phase is inserted into the 
scattering matrix. Of course, the measurable quantities 
like |ip and A9t do not depend on the gauge, zp — e^^''^ 
is the phase accrued by the motion of electrons along 
either of two arms of length L. Since we are interested in 
a phase-coherent system, we restrict our study to T = 
K. The incident electrons will be confined to the Fermi 
energy with the wave number kp in our study. 

In subsequent sections, we illustrate the effects of bro- 
ken time-reversal symmetry on the transmission zeros in 
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the AB interferometer by studying three model systems. 
In Sec. we consider the AB interferometer with one 
discrete energy level. This system is simple enough to 
obtain the S-matrix in a closed form and allows one to 
study analytically the behavior of the transmission zero 
under the AB flux. In Sec. [II and [V, we study the 



given by the equations, 



AB ring when two different types of multi resonant level 
systems are inserted in the lower arm. In Sec. Ill, we 



study the transmission properties of the AB ring with an 
embedded double-barrier well. The double-barrier well 
provides multi discrete energy levels through which the 
resonant tunneling is realized, but the transmission prob- 
ability never becomes zero for this system. In Sec. IV, 
a t-stub with the double-barrier is inserted in the AB 
ring. In contrast to the double-barrier well, the t-stub 
accommodates the transmission zeros as well as the multi 
resonant levels. Our study is summarized in Sec. [v| . 
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II. AB INTERFEROMETER WITH AN 
EMBEDDED RESONANT LEVEL 



In this section, we consider the Aharonov-Bohm inter- 
ferometer shown in Fig. ^. This model system may be 
the simplest one which can accommodate the zero-pole 
pair in the transmission amplitude. This system con- 
tains both the direct tunneling between two leads and 
the resonant tunneling through one discrete energy level 
in the dot. The study of this simple model system helps 
us to analyze more realistic and complex systems to be 
discussed in the subsequent sections. The transmission 
amplitude of this system is characterized with one pole 
and one zero. The pole is provided by the discrete level 
in the dot while the zero is the result of the destructive 
interference in the AB ring geometry. Three different 
classes in the trajectories of t, summarized in the intro- 
duction, can be all realized with the variation of the AB 
phase. 

We can derive the scattering matrix of the AB inter- 
ferometer using the t-matrix method with Sij — Sij — 
2TT6{Ei — Ej)Tij or the Green's function method. 



The angle </> is the Aharonov-Bohm phase 27r<I>/$o, where 
$ is the magnetic flux threading through the AB ring 
and $0 — hc/e is the flux quantum. The gauge is chosen 
such that the AB phase (p is attached to the tunneling 
matrix VdR as VdR = l^jflle^^. To = 47/(1 + 7)^ is the 
direct tunnehng probability, where 7 = N^NjilTLjil'^ . 
Nl and TV^ are the density of states(DOS) in the left and 
right leads, respectively. Other parameters are defined as 

= TTNj,\Vdp\'' {p = L, R), r = + r^, r = r/(i + 7), 

andg = 4TLrR/r\ 

The S'-matrix satisfies the Onsager relation, 5^ (0) — 
Sji{~(j)) under the inversion of the magnetic flux. If 
the system is mirror-symmetric under the transformation 
L <-> i? or the quantum dot is coupled symmetrically to 
the left and right leads {Tl — Yr), we obtain the sym- 
metric relation: r^^ = r^^. 

The discrete energy level in a dot is broadened with 
the linewidth F due to the coupling to the left and right 
leads. The direct tunneling between the two leads further 
renormalizes the linewidth(r) and shifts the energy level 
position. The retarded Green's function GJ^ of a dot is 
given by the equation, 

G'd{() = \ =• (5) 

e - ed{(p) + iT 

Here ed{4>) — ed — T^/gj cos (p is the renormalized energy 
level of a dot. The transmission probability can be read- 
ily calculated from T{e) — l^j^^P, 



^ring — I , 

\ ^Lfl ' RR 



T(e) = To + 2r ^5^0(1 - To) cos ReG; 



d 



5ri„g = ( , (3) +r[To-g(l-ToCOs2 0)]ImGS. (6) 



The transmission probability T(e, 0) is an even function 
of the AB phase cf), satisfying the Onsager relation. 

where the reflection and transmission amplitudes are We may rewrite the elements of the scattering matrix 
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in other forms, 



'-RL 



fLL = G5(e) ^V^(e- ed) - r^cos( 
+i[TR-VL)\ , 

-iiTR-TL)] . 



(7a) 
(7b) 

(7c) 
(7d) 



Here Rq = 1 — Tq is the reflection probabihty of the 
direct tunneling. Using the above expressions, we can 
show the unitarity of the S'-matrix, ji^^P 



' LL\ 



1 



and r^^tlR + 1 



''RL' RR 



0. 



The Friedel phase 6f can be found from the determi- 
nant of 5* which can be written in terms of the Green's 
function of a dot, 



detS - ^ 



ed(0) - «r 



TT 

2 



tan 



ed(0) 



(8b) 



~ [^51* the advanced Green's function of a dot. 
The Friedel phase changes smoothly from 6'/=Oto0/ = 
TT as the energy level of a dot is scanned through the 
Fermi energy. 

The transmission phase 6t is obtained from t — = 
I^alIs'^' and is written as the sum of the Friedel phase 
and the contribution from the zero. The Eq. (7b) can be 
written as 



t = -i 



(e - £rf)\/T?^ + r^cos(/) - zF^sint 
e - Cd + r^g7 cos (j) + iT 



(9) 



The transmission amplitude at the Fermi energy t{e = 0) 
is plotted in the 2d complex plane in Fig. ^(a) and ^(d) 
as an implicit function of while varying the AB phase 
(j). All the trajectories of t are circles. The position of 
a discrete energy level e^, which can be shifted with the 
gate voltage capacitatively coupled to the dot, is varied 
from the empty state to the filled state. That is, the value 
of ed is changed from oo to — oo. Writing Z ^ e — e^: we 
can rewrite t = tj^j^ as 



t 



- z-z, 

Z — Zn 



(10) 



in terms of the pole Zp and the zero Z^ . This zero-pole 
pair is given by the expressions, 



Zp — 



'T^^/tpj cos (j) — ir, 



Z^ = -rJ:|-[c0S( 



I sm( 



(11a) 
(lib) 



Note that the imaginary part of the transmission zero is 
proportional to sin cf) and vanishes when (p = n7r(n is an 
integer). 



When the magnetic AB flux is an integer or a half- 
integer multiple of the flux quantum, or when (j) — wk 
{n is an integer), the imaginary part of Zz vanishes and 
the transmission zero lies on the real-energy axis. The 
trajectory of t passes through the origin (the class I). The 
analytic expression of the transmission phase 9t when 
(j) — nTT is given by the equation, 

Ot = Of + 0z, (12a) 
0z - 7r-7re(e-erf + (-l)"ry^). (12b) 

Here Q{x) is the step function. Of is the Friedel phase 
given by the Eq. (|8b| ) and 9z is the contribution from the 
transmission zero. Since the transmission zero is real, 
the transmission phase jumps abruptly by tt as shown 
in Fig. ^(b) and (e). The zero-pole pair leads to the 
typical Fano resonance and antiresonance structure in 
the transmission amplitude T = |tp and T = at the 
antiresonance. [See Fig. ^(a) and (f).] 

When the magnetic AB flux is off an integer or a half- 
integer multiple of the flux quantum, the imaginary part 
of the transmission zero is finite and is sinusoidal as func- 
tion of the AB phase 4> [see the Eq. (lib)]. That is, 
the zero of t is shifted off the real-energy axis. When 
< < TT, the zero Zz lies in the upper half-plane of the 
complex-energy plane while the pole Zp lies in the lower 
half-plane. The trajectories of t encircle the origin(the 
class HI). The analytic expression of 9t is 



tan 



ed + Ty/g/Tp cose 
rV.g/7osin0 



(13) 



The second term is the contribution from the zero. Since 
both the zero and the pole contribute the same sign of the 
phase by tt to 9t, Ot evolves smoothly by the amount of 
27r as shown in Fig. ^(b) . The imaginary part of the zero 
is proportional to sin cj) and the zero moves away linearly 
with the magnetic field B from the real-energy axis close 
to (f) = nn. The minimum value of T (deriving from 
the transmission zero) shows this trend as displayed in 
Fig. ^(c). As 4> is increased from to 7r/2, the minimum 
value of Tjjiin is increased and reaches the maximum at 
(j) = 7r/2. With further increase of <j) from tt/2 to tt, Tmin 
is reduced to zero. 

When TT < (j) < 2tt, the pole and the zero lie in the same 
lower half-plane. The transmission amplitude, belonging 
to class H, delineates the closed orbit without encircling 
the origin. The transmission phase Ot is given by the 
expression 



o a , f -1 e-ed + Ty/g/ToCOS(j> 

Ot = Of + TT — ta.n = — , . (14) 

ry^|sin0| 

Since the pole and zero contribute the phase by tt but 
with the opposite sign to Ot , the phase evolution is limited 
to the narrow range[see Fig. ^(e)] which is set by the two 
extreme points in the trajectory of t viewed from the 
origin. 
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In summary, we found three different classes for the 
transmission zeros. Though the behaviors of the phase 
evolution are different for the three classes, the trans- 
mission amplitudes remain in phase before and after the 
Fermi level is scanned through the real part of the trans- 
mission pole and zero. The transmission probability sat- 
isfies the Onsager relation, \tjii^{—(f>)\'^ = l^flLC"^)!^ [^^^ 
Fig. ^(c) and ^f)], even if the trajectories in the com- 
plex t plot are different. When the magnetic flux $ is 
an integer or a half-integer multiples of the flux quan- 
tum, the transmission zero lies on the real-energy axis 
and the phase evolution of 9t is featured with the abrupt 
jump by TT at the zero. When the magnetic flux $ is 
off from the integer values or the half-integer multiples 
of the flux quantum, the transmission zero lies off the 
real-energy axis and the phase evolution of 9t becomes 
continuous over the energy scale Fy^j sin (/)| set by the 
magnetic fields. Depending on the sign of the imaginary 
part of the transmission zero, the evolution of 9t shows 
different behavior. When the zero lies in the upper half- 
plane, the contributions to the transmission phase from 
the zero-pole pair add up leading to the change of 27r 
over the zero-pole pair. On the other hand, two con- 
tributions are canceled by each other leading to the net 
change of in the transmission phase when the zero lies 
in the lower-half plane. 



III. AB RING WITH AN EMBEDDED 
DOUBLE-BARRIER WELL 

In this section we study the scattering matrix of the 
AB ring when the double-barrier well (shown in Fig. |^) 
is inserted in the lower arm. 

The symmetric double-barrier well can be described by 
the scattering matrix 5*0 whose elements are given by the 
equations. 



are easily identified as 



ro 



t() — t'r, — 



1 - {1 ~ To)e^'^'' ' 



1 - (1 - To)e 



2iKa • 



(15a) 



(15b) 



Here K = \/kp + 2meVg/h'^ is the wave number inside 
the double-barrier well, a is the distance between two 
barriers, and Vg is the gate voltage capacitatively coupled 
to the double-barrier well. The position of the resonant 
energy levels in the double-barrier well is controlled by 
the gate voltage Vg. The incident electrons are confined 
to the Fermi level with the Fermi wave number kp- Two 
barriers are assumed to be identical and to be described 
by the scattering matrix. 



(16) 



where Tq is the tunneling probability through the bar- 
rier. The transmission poles of to (double-barrier well) 



K^a = nn — iT, F = - log 



2 °1-Tn 



(17) 



where n is a positive integer. If the barriers' scattering 



matrix is of the form given by the Eq. ( pOD in Sec. |IV| , 
the poles are shifted by tt/2. We note that to can be 
expressed as the sum of simple poles. 



to = -Toe'' 



1 i \ - 

9 + 



1 



Ka 



iT 



(18) 



The transmission probability jigp consists of a series of 
evenly spaced peaks with the same linewidth F. Trans- 
mission zeros are absent in the double-barrier resonant 
tunneling system. 

We now study the properties of the transmission ampli- 
tude for the AB ring with an embedded double-barrier 
well. Inserting the scattering matrix So of the double- 
barrier well into the general expression of the S'-matrix 
of the AB ring (Appendix ^), we compute the transmis- 
sion amplitude numerically. The results are displayed in 
Fig. ^ In the numerical works, we use the model pa- 
rameters: kpL = 57r/3(27r mod.); e = 1/2, Ai = A2 = 1 
for the identical three-way splitters at the right and left 
junctions; Tq = 0.2 for the transmission probability of 
the double-barrier well. One closed orbit in the complex 
t plot is completed with the variation of A{Ka) = 2tt. 
In the double-barrier wello, the orbit of t is closed with 
the period 27r|-af Ka. Comparing our results to the Fig. 
1 in the workll3 of Taniguchi and Biittiker, the orbit of 
t for the AB ring is featured with an additional closed 
lobe. This lobe passes through the origin when = or 
TT. But note that the lobe disappears in t for some range 
of (j). See the dotted line(0 = 135°) in Fig. |6|(a) and the 
long dashed hne(0 = 315°) in Fig. ^(d). 

When = or TT, the trajectory of t passes through 
the origin twice to complete the closed orbit. The trans- 
mission phase 9t jumps by tt at the transmission zeros 
[see the solid line in Fig. ^ (b) and the dot-dashed line 
in Fig. ^ (e)] since the transmission zeros are real. The 
phase increases by tt at one zero and decreases by tt at the 
other zero. These two real zeros are typical and behave 
differently when </) ^ or tt, as will be shown later. Each 
transmission pole of the double-barrier well is paired with 
one transmission zero in the AB ring. The transmission 
zeros in the AB ring are the consequence of the destruc- 
tive interference between two arms. As shown in Fig. ^(c) 
and (f), the zero-pole pairs are developed in the order: 
zero-zero-pole-pole. 

When or TT, all trajectories of t encircle the ori- 
gin. These orbits can be considered as the combination 
of the two orbits: one(class III) encircles the origin while 
the other(class II) does not. Comparing |ip and 9t be- 
tween Figs. 1^ and ^, we can deduce that the transmission 
zeros are shifted off the real-energy axis. This point will 
be discussed later. 
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Let us study the structure of the poles and the zeros in 
detail. We focus on the two consecutive zero-pole pairs: 
one near Ka = 27r and the other near Ka — Stt. These 
two zeros are typical in the sense that others are the 
exact copies of these two in the physical properties. The 
nature of these two zeros is different since they behave in 
the opposite way under the magnetic fields (see Fig. |^.) 
When (/) = 0, we can deduce from Fig. ^ (b) and (c) that 
the zero-pole pairs are ordered in the sequence: pole- 
zero-zero-pole. When < < TT, we conclude, using the 
results of the Sec. O, for the zero-pole pair near Ka = 2it 
that the zero(poleJ lies in the upper(lower) half-plane 
of the complex-energy plane, respectively. On the other 
hand, the zero-pole pair near Ka — Svr is in the lower 
half-plane. This is the reason why the phase change is 
27r over the first zero-pole pair and is over the second 
zero-pole pair. When = tt, the zero-pole pairs appear 
in the sequence: zero-pole-pole-zero. When ir < 4> < 
27r, the roles of two afore-mentioned zero-pole pairs are 
interchanged compared to the case of < (/) < tt. 

We compute the traces of the transmission zeros Zz{(j)) 
in the complex-energy plane (z = Ka) as function of the 
magnetic AB phase 0. 



(19) 



Here Ez is the transmission zero when (j) — and Ci4') is 
the shift of the zero in the presence of the magnetic AB 
flux. There are two distinct zeros in the AB ring with the 
double-barrier well and the behavior of two zeros is differ- 
ent under the magnetic AB flux. The real and the imag- 
inary parts of C{4>) E^re plotted in Fig. |^ for two zeros of 
Ez ^ Ka^ 27r [panel (a)] and of Ez = Ka^ 2.8775 x tt 
[panel (b)]. The real part of the first(second) zero is 
shifted downward(upward) under the magnetic fields, re- 
spectively. The minimum in T = [see Fig. ^ (c) and 
(e)] shows this trend. The two zeros show the oppo- 
site behavior in their imaginary parts under the mag- 
netic fields, too. The zero Ez = 27r(2.8775 x tt) hes in 
the upper(lower) half-plane when < < tt, and in 
the lower(upper) half-plane when tt < < 27r, respec- 
tively. This corroborates our conclusion in the previous 
paragraph. Two zeros are on the real-energy axis when 
(j) = nTT with n being an integer. 

To summarize, there are two types of the transmission 
zeros which can be distinguished in their behavior under 
magnetic fields. Since one pole is always paired with one 
zero, the change in the transmission phase over the zero- 
pole pair is or 27r depending on the position of the zero 
in the complex-energy plane. 



IV. AB INTERFEROMETER WITH AN 
EMBEDDED T-STUB 

In this section, we consider the AB ring with the side- 
branch or the t-stub. The t-stub provides the different 
type of resonant levels compared to the double-barrier 
well. In contrast to the double-barrier well, the t-stub 



itself provides the transmission zeros as well as the trans- 
mission poles. In this work, we consider the t-stub struc- 
ture with two tunneling ..barriers which was previously 
studied in the literatureE£rE3. We use the most symmetric 
three-way splitter at the junction with the parameterala, 
e = 4/9, Ai = —1 and A2 = 1. The double-barrier is as- 
sumed not to provide any resonant energy levels, or the 
distance between two barriers is so short that the energy 
level spacing is much larger than any other interesting 
energy scale in the problem. The introduction of two ad- 
ditional barriers to the t-stub enables us to control the 
tunneling strength through the t-stub structure and to 
mimic the quantum dot system. The S'-matrix of the 
two barriers is chosen to be 



Sb 



^/% 



(20) 



where Tq is the tunneling probability through the barrier. 
We have chosen the different overall phase for Sb com- 
pared to the double-barrier well in Sec. III. The S'-matrix 



of the i-stub with the double barriers is formulated in the 
Appendix ^ 

To get some insights on the position of the transmission 
zeros and poles, we consider the S'-matrix of the simple 
i-stub. The incoming and outgoing current amplitudes 
can be matched at the junction of the t-stub. 





y/et at bt 
/e* bt at 



(21) 



Here Ps and O's are the incoming and outgoing current 
amplitudes at the junction, at ~ —at — bt and Of , bt can 
be determined to satisfy the unitarity of the scattering 
matrix. 



1 



at = - [Ai + A2VI - 2etJ 



[-Ai + AaVT^ail] 



(22a) 
(22b) 



There are four possible choices with Ai — ztl{i — 1,2). 
The value of et is constrained: < < 1/2. When 
there is an infinite potential wall at the end of the stub 
of length a, Os and Is are related to each other by Is — 
Os e^'^'^^°'^'^\ The additional phase tt guarantees the 
node of the wave function at the infinite wall. The wave 
number K in the stub is given hy K = \/kp + 2meVg/h^. 
The quasibound state energy levels in the stub can be 
shifted with the gate voltage Vg (capacitatively coupled 
to the t-stub). The effective S-matrix of the t-stub can 
be readily derived 



Ol 
Or 



to = 



ro 



So 

bt- 
at - 



So 



etz 



1 + CFtZ 

e-tz 

1 + CFtZ 



ro to 
^to ro^ 

bt{l + Xiz) 
I - {at + bt)z' 

at{l - Ajz) 
1 - (at -I- bt)z' 



(23a) 
(23b) 
(23c) 
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Here z = e^*^°. The first terms in and rp represent 
the direct scattering process and the second term comes 
from the multiple scattering processes in the stub. The 
unitarity of 5*0 can be proved by showing that 

|roP + |io|' = 1, t*ro + r*„to^O (24) 
The transmission poles and zeros are located at 

Zz = (^n+i-t^^TT, (25a) 

= {-+'-^)---,^o,^=L=, (25b) 

respectively. Here n is an integer. For our choice of Ai = 
— 1 and A2 = 1 for the t-stub, Zz = mr and HeZp — nn 

The scattering matrix of the t-stub with the double- 
barrier is derived in the Appendix Note that addition 
of the two barriers to the t-stub does not change the 
transmission zeros, but the poles are modulated by To in 
both the real and the imaginary parts. 

The transmission amplitudes of the whole AB ring are 
computed numerically using the formulation detailed in 
the Appendices ^ and ^ and are presented in Fig. 
The model parameters are: e = 1/2, Ai = —1, and A2 = 
1 for the Shapiro matrices at the left and right three- 
way junctions. The three-way splitter for the t-stub was 
chosen to be the most symmetric one as noted above. The 
tunnehng barriers for the t-stub are chosen as Tq — 0.8. 

As can be deduced from the Fig. ^ (c) and (f), the 
zero-pole pairs appear in the order: zero-pole-zero-pole. 
All the trajectories of t are circles and the closed orbit is 
completed with AKa = ir. Three different classes of or- 
bits of t are realized for this system varying the magnetic 
AB flux. 

When (j) — or (j) — TT, the transmission zero lies on the 
real-energy axis and the transmission phase jumps by tt 
at the zeros. When (j) — 0, Ot near Ka = 27r drops by tt 
at the zero and increases smoothly by the amount tt due 
to the pole. For this zero-pole pair, the zero precedes the 
pole as shown in Fig. ^ (b) and (c). When cj) = n, 9t 
drops by tt at the zero and increases almost linearly due 
to the pole. We can deduce from the functional shape of 
the 9t and T = |tp [see Fig. ^ (e) and (f)] that the zeros 
and poles are almost evenly interlaced. 

When < (/> < TT, the orbits of t encircle the origin and 
the phase evolution of 9t is smooth and continuous. The 
orbits move away from the origin with increasing the AB 
phase. This trend is clearly visible in Fig ^ (a) and (c). 
Since the zeros lie in the upper half-plane and the poles 
are in the lower half-plane, two contributions to 9t add 
up and lead to the change of 9t by 27r over the zero-pole 
pair. 

The orbits of t lie outside the origin when tt < (p < 27r. 
In this case, the zeros and the poles lie in the same lower 
half-plane. Their contributions to the transmission phase 
are opposite in sign, and the net change of 9t over the 
zero-pole pair is zero. Since the phase decrease precedes 



the phase increase, the zero precedes the pole. The zero- 
pole pair approaches each other as the value of (f) is in- 
creased from TT to 27r. 

The trace of one typical transmission zero Zz{4>) in the 
complex-energy plane (z = Ka) is computed and plotted 
in Fig. |l^ as function of the magnetic AB phase (p. 

ZzW = Ez + m- (26) 

Here Ez is the transmission zero when (/) = and C(</') is 
the shift of the zero in the presence of the magnetic AB 
flux. In contrast to the AB ring with the double-barrier 
well, the nature of all zeros is identical in the sense that 
their behavior is the same under the magnetic fields. The 
real and imaginary parts of C(0) are plotted in Fig. ^ 
for the zero of Ez = Ka k, 1.9565 x tt. Note that this 
zero in the AB ring is shifted from Ez — 2% of the t- 
stub with the double-barrier. As expected from the shift 
of the minimum position of T — |tp [see Fig. ^ (c) and 
(e)], the real part of the zero is positively shifted in the 
presence of the magnetic fields. The imaginary part of 
the zero is sinusoidal as function of the AB phase (f) and 
vanishes when the magnetic AB flux is an integer or a 
half-integer multiple of the flux quantum. 



V. SUMMARY AND CONCLUSION 

In this paper, we studied the behavior of the transmis- 
sion zeros and the corresponding changes in the trans- 
mission phase when the time-reversal symmetry of the 
system is broken by magnetic fields. For our study 
we considered the Aharonov-Bohm(AB) interferometers 
with one scattering center in the lower arm. Studied 
scattering centers include the system of one discrete en- 
ergy level, the double-barrier well, and the t-stub with 
the double barriers. Each resonant level in the scattering 
center gives rise to a transmission pole and is paired with 
a transmission zero in the AB ring. Due to the causality 
relation, the transmission pole always lies in the lower 
half-plane of the complex-energy plane. On the other 
hand, the zero can be anywhere in the complex-energy 
plane and its position can be controlled by the magnetic 
AB flux. Depending on the position of the transmission 
zeros in the complex-energy plane, the trajectory and 
the phase of the transmission amplitude show different 
behaviors. 

The transmission zeros lie on the real-energy axis when 
the magnetic AB flux is an integer or a half-integer mul- 
tiple of the flux quantum. The transmission phase jumps 
by TT at the transmission zeros in this case. 

The transmission zeros are shifted off the real-energy 
axis and can be cither in the upper or in the lower half- 
plane of the complex-energy plane, when the AB mag- 
netic flux is off from the integer or the half-integer multi- 
ples of the flux quantum. The evolution of the transmis- 
sion phase in this case is continuous as the Fermi level is 
scanned through the real part of the transmission zeros. 
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When the zeros he in the lower half-plane, the orbits of 
the transmission amplitude lie outside the origin and the 
phase change is limited by the two extreme points of the 
orbit when viewed from the origin. Since the zero-pole 
pair contributes the opposite sign of the phase by tt, the 
net change in the transmission phase over the zero-pole 
is zero. 

The orbits of the transmission amplitude encircle the 
origin when the zeros lie in the upper-half plane. In this 
case, the zero-pole pair give the same sign of the phase 
by TT to the transmission phase, the total accrued phase 
over this zero-pole pair is 27r. 

Though the zero-pole pair leads to the different phase 
evolution depending on the position of the zero in the 
complex-energy plane, the transmission phase remains 
in phase after passing through the zero-pole pair. 

The modulation of the transmission zeros in the closed 
AB ring may be tested in experiments using the following 
setup. We may insert the closed AB ring into one arm 
of the larger AB ring. The larger AB ring should be the 
open system where the multiple windings of the electrons 
are prevented. The evolution of the transmission phase in 
the closed AB ring can be measured by making the period 
of the AB oscillation in the larger ring much shorter than 
that of the closed AB ring 



Entin-Wohlman et. altS studied the effects of bro- 
ken unitarity on the phase locking. According to their 
study, the phase jump at the Coulomb peaks can become 
smooth by breaking the unitarity of the AB ring. In our 
work, the phase jump at the transmission zeros is shown 
to become continuous by breaking the time-reversal sym- 
metry. Recently, Kobayashi et. al£3 studied experimen- 
tally the tuning of the Fano effect in the AB ring with 
an embedded quantum dot. Some of their results might 
be relevant to our theoretical results. 
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APPENDIX A: S-MATRIX OF 
AHARONOV-BOHM RING 



In this Appendix, we derive the iS-matrix of an AB 
ring in a compact form when some scattering centers are 
present on the AB ring and especially when the interest- 
ing target system is inserted in the lower arm of the AB 
ring as shown in Fig. |^. The amplitudes of the incoming 
and outgoing waves at the left and right junctions are 



related to each other by the scattering matrix. 





, (Ala) 



p = L,R. (Alb) 



Here S^'^ are the Shapiro matrices responsible for the 
splitting of the electron wave functions in three pathways. 
The unitarity leads to four possible solutions. 



2er. 



A^yr^2i;] 



(A2a) 
(A2b) 

(A2c) 



where A^, A2 = ±1. To simplify the algebra, we introduce 
new notations. 



Sp — 



CLp bp 



> = 



(A3) 



Sl,r is the 2x2 submatrix of S^'^, respectively. The 
amplitudes of waves at the left and right junctions are 
related to each other by the scattering matrix which is 
responsible for the scattering processes in the two arms. 



\y > 

\u > 



n T 
T 7^' 



\x > 
\v > 



(A4) 



The ket vectors are defined, e.g., as \x >= TZ and T 

are the 2x2 matrices which contain the information of the 
scattering matrices in each arm and the phase accrued by 
the motion of electrons along the ring. These matrices 
are model-specific and are discussed in the main text. We 
want to find the S'-matrix of the ring. 



Ol = o-L^L+ < slIv >, 

Or = (7rIr+ < Sr\u >, 

|a; > = Il\sl > +SL\y >, 

|w > = Ir.\sr > +Sr\u > 



(A5a) 
(A5b) 
(A5c) 
(A5d) 



From the above equations, it is straightforward to derive 
the following results. 



\y > 

\u > 



II ■ [l-TlSLr^Tl\sL > 

+iR-[i-nsLrW\sR >, 
II ■ [i-n'sB]-W\sL > 



(A6a) 



-iR-[i-nsR]-^n\sR>, (A6b) 



where newly defined reflection and transmission matrices 
are given by the expressions, 

TZ = TZ + T'[1- Sr,TZ']~^SbT, (A7a) 
r = TII-SlTZ]-^, (A7b) 

n' = n' + T[i- SlTzy^SlT', (A7c) 

r' = T'[l~ SrW]-^. (A7d) 
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After more algebra, we find the S'-matrix of the ring, 

(A8a) 



Ol 
Or 



Sri 



^RL ^RR. 



' LL 



RR 



''LR 



''RL 



(A8b) 

(TL+ <SL\[l-TlSLVm\sL>, (A8c) 

<jR+ < SR\[i-n'sR]-'n'\sR >,(A8d) 

<SL\[l-nSLr'T'\sR>, (A8e) 
<SR\[l-n'SR]-W\sL> . (A8f) 



APPENDIX B: SCATTERING MATRIX OF THE 
t-STUB WITH DOUBLE BARRIERS 



We consider the 5-niatrix of the t-stub with the double 
barriers [see Fig. The distance between two barriers 
is assumed to be too short to allow the resonant energy 
levels, or the energy level spacing is very large compared 
to other energy scales. But the length of the stub, a, is 
long enough to allow the quantized energy levels in the 
isolated stub. In this case, the amplitude of the wave 
functions can be matched as 















(?) 


= Sl ( 







Sr) — 




(Bla) 



(Bib) 



New notations are introduced to simplify the algebra. 

\x> ^ I :M : l?y > = I , (B4a) 

(B4b) 
(B4c) 



\st > 
R 
R' 







X2J 






) 


Ir, 






)• 














TR 










r'R 



\y > 
\o> 

St = 
T 



Vi 

y2 

Ol 
Or 

a b 
b a 



tL 
tR 

t' 



(B4d) 



From the relation between /, and O,, we find 



< st\[l - R' Str^T\I > 
"cr + e-2'A'a+ < st\[l- R'St]-^R'\st > 



.(B5) 



After some algebra, we find the S'-matrix of the system 
|0>=5o|/>. 



5*0 = R + T'[l~ StRT^StT 

T'[l - StRT^\st >< st\[l - R'St]-^T 
< st\[l-R'St]'^R'\st > 



a + e 



-2iK 



(B6) 



Note that the transmission poles are determined by the 
zeros of cr + 6-2*^"^+ < st\[l - R'St]^^R'\st >. 

For the two identical barriers described by the scatter- 
ing matrix {Rq = 1 — To), 



Sh = 



\/To i^fR{) 



(B7) 



We want to find the 5-matrix of the t-stub with the dou- 
ble barriers. 



the scattering matrix of the t stub with double-barrier is 
given by the equations. 



Ol 
Or 



= S 



(B2) 



When there is an infinite potential wall at the end of 
the stub, two amplitudes Is and Og are constrained as 
Is = e*'-2'^"+'^-'Os. We can rewrite the above relations 
between the amplitudes as 

= (jIs+ < st\y >, (B3a) 

|a;> = Is\st>+St\y>, (B3b) 

\0> = R\I > +T'\x >, (B3c) 

\y> = T\I > +R'\x > . (B3d) 



5*0 
to 



ro to 
to roj ' 

Tob 



-2iK. 



(1 - ^^/R^aY + R^b'^ ^-2iKa 'y+is/R^ 

Rq(7 



(B8a) 



(B8b) 



ro = i\/ Ro 







1 + i\/Ro(T 
e 



a + iy/R^{b'^ 



1 — i\/Ro{a — b) 



Note that the transmission zeros do not depend on or are 
not modif ied by the barriers' tunneling strength To [see 
Eqs. (23b) and (25a)], but the poles are modulated by the 
value of Tq. The transmission poles (Zp) and zeros (Z^) 
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are located at 



1 + Ai 

n ^ : I TT, 



1 - A, 



(B9a) 



As expected, the linewidth of quasibound states in the 
stub (or the imaginary part of poles) is reduced with the 
reduced To- 



A2 

' 2 



tan 



1 - 2e 



- tan^i V-Ro(l - 2e) 



^ 1+^0(1^ 
2 ^ V 1 - 2e + i?o 



(B9b) 
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FIG. 1: Aharonov-Bohm ring with an embedded target system. The scattering process in the target system is described by the 
scattering materix So- The length of the upper and lower arms is denoted by L. $ is the magnetic Aharonov-Bohm(AB) flux 
threading through the AB ring. 




FIG. 2: Schematic display of trajectories of the transmission amphtude t and its phase variation. In the panel (a), the imaginary 
part of the transmission zero is null or ImZ^ = (Class I). In (b), Im Zz < (Class II) and in (c), Im > (Class III). 




FIG. 3: Schematic display of Aharonov-Bohm(AB) interferometer with a quantum dot. The dot is modeled by one discrete 
energy level. 
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FIG. 4: Behavior of the transmission ampUtude t with varying the AB phase (p for the AB interferometer with one discrete 
energy level. Panels (a) and (d) display the trajectories oft as an implicit function of the discrete energy level ea- The evolution 
of the transmission phase 9t is shown in panels (b) and (e). The transmission probability T = is displayed in two panels (c) 
and (f). The AB phases are the same for the same lines either in the left column panels (a), (b) and (c) or in the right column 
panels (d), (e) and (f). 



^ Q 



FIG. 5: Double-barrier well. 
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FIG. 7: Transmission zeros as function of the AB phase (j) in the AB ring with the double-barrier well. The AB phase dependence 
of the zero at Ka = 27r [2.8775 x tt] is displayed in the panel (a) [(b)], respectively. Solid(dashcd) line is the real(imaginary) part 
of the shifted zero C(0)i respectively. The transmission zero is represented by Zz{4>) = + (^{(f)) where Ez is the transmission 
zero when = and C(0) is the shift of the zero in the presence of the magnetic AB flux. 



FIG. 8: t-stub with the double-barrier. 
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FIG. 9: Behavior of the transmission amplitude t with varying the AB phase (j) for the AB ring with the f-stub. Panel 
descriptions are the same as in Fig. ^. Model parameters are chosen as kpL = tv/2; eL,R ~ 1/2, \l,ri ~ —1, and Xl,r2 = 1; 
et = 4/9, Ati = -1 and At2 = 1; Ti = Tr = 0.8. 
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FIG. 10: Transmission zeros as function of the AB phase ^ in the AB ring with the t-stub system. Solid (dashed) hne is the 
real(imaginary) part of the shifted zero C(?^)i respectively. 



